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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 1303

A TRANSONIC PROPELLER OF TRIANGULAR PLAN FORM

By Herbert S. Ribner
SUMMARY

An 1sosceles triangle twisted into a screw surface about its
axis is proposed as a propeller for transonic flight speeds. The
purpose is to attain the drag reduction associated with large
sweepback in a structurally practicable configuration. A mathe-
maticel theory for such a propeller is presented. Calculations
teking account of wave and skin-friction drag indicate a net effi-
ciency of the order of 80 percent at Mach number 1.l. A 1l2-foot
propeller is estimated to be able to absorb 18,500 brake horsepower
at 840 miles per hour at sea level. '

INTRODUCTION

The critical speed of a propeller can be raised by using wide
thin blade sections and by sweeping the blades forward or rearward.
High bending stresses caused by centrifugal force limit the amount
of sweep that can be used. A propeller that avoids the centrifugal
limitations is proposed, which permits designs for Mach numbers
previously considered structurally impracticable.

Theory (references 1 and 2) suggests that airfoils of triangular
plen form should exhibit a relatively good 1lift-drag ratio at super-
8gonic speeds for which the triangle is contained well within the
conical sound wave (Mach cone) emanating from the apex. The prin-
ciple may be applied to attein efficient propulsion at trensonic and
supersonic speeds by combining rotation about the axis of symmetry
with axial translation, nose forward. A twist of the plan form is
contemplated so that it forms a screw surface of high pitch. Dif-
ferent amounts of pitch for this screw surface would serve the same
function as blade angle serves for conventional propsllers .

A two-view drawing of such a propeller is shown as figure 1.
The figure shows a design for a Mach pumber of the order of 2 chosen
to indicate the capabilities of the propeller at supersonic speed..
The practical field of application is more likely to be in the
transonic-speed range in which a blunter triangle is utilized.
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SYMBOLS

Mach number 1ight velooit‘>

Speed of sound
veloclty potential
angular velocity, radians per second
anguler velocity, revolutions per second (w/21x)
rectangular coordinates (fig. 2) '
Bemliwldth of triengle at =x

arc cos y/f; more extended significance in appendix 3B;
ropulsive efficlency :

pressure .
masg density of air

flight velocity

radius of propeller

diameter of propeller (base of isosceles triangle)

blads chord of propeller

root bla?e chord of propeller (height of lsosceles tri-
angle

pitch of propeller

dynsmic pressure (%pv2>

time

advance-dilameter ratio (V/nD)
normal force

torque

thrust
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Y 'force parallel to y-axis

I moment of Inertia

Y acute angle between x-axis and blade section
a angle of attack

Cp dras coefficient (Drag/qS)

S wing area

Subscripts and superscripts:

L.E. measured at leading edgé,
T.E. measured at trailing edge
8 due to suction

n dve to normel force -

bt due to skin friction

) due to pressure

i ideal

R resultant

wh walghted

THEORY FOR FLAT PLAN FORM

The theory that 1s developed herein ig derived from the theory
of two-dimensional flows presented in reference 1. The present
treatuent for the rotating triangle, as that of reference 1 for
the triancle at an angle of attack, applies to the limiting condi-
tion of very low agpect ratio. The limitatlons on aspect ratio
are discussed in the section entitled "Aspect ratio" and in
appendlx A. g

Reference 1 points out that the flow. gabout a pointed alrfoll
of very low aspect ratlio may be consldered two dimensional when
vieved in cross sectlons perpendicular to the direction of motion.
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Consider a long flat triangular eirfoil moving point foremogt and .
roteting about the axis of gymmstry. The flow pattern in & plane

cutting the airfoil at & distence x from the nose is essentially

the two-dimensional flow produced by e flat plate rotating with

engular velocity w. Figure 3 shows this flow as viewsd from a

_reference system at rest in the undistur‘bed fluld for ® clockwise.

The surface veloclty potential of the flow 1s given by (refer-
ence 3)

¢ = 20r? sin 2n

L

= Fay \jr° - ¥~ (1) \

J
vhere .cos @ = Z end the sign chenges 1n going from the upper to .

the lower surfece of the airfoil. From reference 1 the locel- *
pressure difference is

o
= OpY —=
P ox

dr
va _a_q ——
dr dx

R

2pv-aﬂ§— __ (2)_

dor b,

Pregsurs distribution.- Carrying out the differentiation ind.i-
cated 1n equation (2) gives

2
AP = pVo (R—> — (3e)
BN |
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or

= 21
2
'bOJ

=R

cot n ] - (3b): .

vhere J is the advence ratio V/oD. The spanwise pressure dis: .
tribution (fig. 4) ig thus similar at different distances =x from

the vertex but megnified in proportio;n to x.

The spanwlise distribution of normal force is given by

T.E.
& AF dx
Y Ju.E.
which according to equation (2) is -

an
— 2pv¢
‘J‘y T 'E .

Inserting the value of ¢ from equation (1) results in

anN 2 2
— = pVay (R® -
ay R
1 o :
= =pVaD® gin on (L4)

8
This spanwise loed distribution is shown in figurs 5.

Torquo.- The integration of ¥y %— dy across the span glves
for the torgue of the untwisted propeller . )

128 .
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Thrust.- For the vresent case of a flat or untwisted airfoll,
the presswre distribution normsl to the surface has no forward com-
ponent; therefore, any thrust must arise from suction along the
leading edge. Consider the pressure distribution about a thin
elliptic cylinder rotating about the axls of symmetry. (See
appendix B.) There is a suction tending to separate the two halves
laterally. Thie suction is obtalned by integrating the lateral
component of the pressure force from the middle of the bottom sur-
face around the right edge to the middle of the top surface. The
limiting value of this suction per unit length as the elliptic
cylinder is shrunk into a flat plate is obteined as (appendix B)

Y= gmir3 (6)

where r 18 the semiwidth of the plate. The infinite negative
pressure at the edges of the rotating flat plate thus glves rise
to a finite suction force per unit length of edge.

The two long sides of the triangular propeller, which form
the leading edges, have been considered to be sufficiently neer
parallel for the flow to be approximately two dimensional about
any sectlon normal to the axis of rotation. There 1s therefore a
suction along the leading edges given by the value of Y in equa-
tion (6) wherein r 1s now interpreted as the local semiwidth of
the airfoil at distance =x from the nose. (See fig. 6.) The
suction on the length of edge between y and y + dy has a thrust
copponent Y dy. The thrust per unit length of span is therefore

g |8
'I;

x_ 2 3
= =D

where |y| has been substituted for r in equation (6) since |y|=7
at the edges. A graph of this thrust distribution is shown in figure 7.

The integration of dT/dy along the span gives

T, = 2 ot (n
256 ‘
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for the thrust of the untwisted propeller. This value, in which the
profile drag is neglected, is called the ideal thrust. The 1ldeal
thrust is thus independent of forward speed so long as equation (7
is applicable. Applicability is limited to the range of small local
angle of attack, or high values of V/nD.

Efficiency.~ The ideal efficiency of the flat triangulaer pro-
peller (that is, the efficiency with profile drag neglected) is

4V

3
- @
The insertion of equations (5) and (7) glves a value of 1/2, or

50 percent. It is shown hereinafter that the addition. of a suitable
twist allows a peak 1deal efficlency of 100 percent.

Origin of the thrust.- The wake of an ordinary propeller bcehaves

like a twisted ribbon moving axially rearward. Backward momentum
is lmparted to the air within the screw threads of the ribbon. The

. thrust is ordinarily equated to the time rate of increase of this

momentum. The untwisted trlangular propeller, however, develops
thrust according to the potential theory by generating a statlc-
Pressure rise outside the wake, rather than by imparting backward

. momentum. In this case, the wake benaves like a flat ribbon that

oxtends from the trailing edge of the triangle and rotates rigidly
with 1t. (See following paragraph.) This axlally rotating ribbon
imparts no reerward momentum, but the air disturbed by its rotation
experiences a change in static pressure obtainable by Bernoulll's
equation. Consider a plane X = Constant that cuts the rotating
wake at right angles a great distance behind the propeller. The
pressure distribution is obtained and integrated over such a plene

. in appendix C. There results a net pressure force exactly equal to

the value of thrust previously obtained.

Other relatlionships.~ The assumption of two-dimensional flows

about the triangulaer airfoil implios that the trailing vorticity
has Just the right strength to behave as a rigid extension of the
wldest part of the airfoil. The wake acts, theréfore, like a flat
ribbon of width D rotating with angular velocity w. According
to Lamb (reference 3), the kinetic energy per unit length of the
wakse 1s

K.E. = —a—rt--(JDh'm2 (8)

e e i e T e i s e T e e - [P
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With this written in the form
K.E. = -:-2L-Ia.»2

the virtual moment of inertia of the flow is obtained as

The rate of increase of the total angular momentum of the wake
should be & measure of the torque on the propeller. It 1s

. Q= IV

= —E—QD%EV
. 128

This is identical with the expression for the torque (equation (5))
obtained from a consideration of the pressure distribution over the
propeller. :

Again, the rate at which work is 'done on the fluid by the torque
1is

Power input

3

|=\
8.
o

Also, the rate at which the kinetic energy of the wake is increasing
is (see equation (8))

Wake power =.5§gpﬁ%wav
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The power input minus the walke power should equal the useful power
as followa:

4 2 a I 2v

Thrust powei‘ = —lpDcn'V o ———pD @
. 128 ’ 256

———DD m2V
256

=TV

[

The thrust is therefore

S e __ff_pDiLmE
256

which is in agreement with the result of equation (7) obtained from
a direct consideratlion of the suctlion at the leading edge.

THEORY FOR PLAN FORM WITH TWIST

The triangular plan form of the proposed propeller may be glven
a helical twist. In this way, the pressure distribution normal to
the surface contributes a thrustwise component. The total thrust
camprises this ccmponent together with the leading-edge suction that
constitutes the entire thrust for the flat propeller. It will be
shown that with twlst an ideal efficiency of 100 percent is
approached in the limiting case of very light locading, as for a
conventional propeller.

According to reference 1, the flow about a pointed airfoil of
vory lov aspect ratio may be considered two dimensional when viewed
in cross sections perpendicular to the direction of motion. This
statement appears to be applicable to airfoils with small twist
(high pitch) in addition to flat airfoils. In the case of a twisted
airfoll, the two-dimensional-flow pattern shown in figure 3 would
shov a relative rotaetion at a different axial distance to conform
to the twist of the surface. Consider a section of the propeller
cut at radius y by a plane parallel to the axis of rotation. The

R e e S it i S ks ,,_——-...:«'—«--“ T T T T TN T £ S e e s ) S o e ma
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section makes the small angle 7 with the direction of the axis.
Then the angle 7 1is related to the pitch P by

tan7=-%ﬂ-z (9)
D

According to figure 8, the velocity componenb normal to the section
is

wy cog 7 -V sin 7

By virtue of eguation (12) this equals

@y cos 7 - —
( P/D)
v

vhere J= —. For cos n = 1, it 1s approximately

nD
b e

The corresponding velocity component for the flat plan form is «wj.

Torque .- According to the foregoing discussion, the slightly

twisted plan form (pitch, p) rotating with anguler velocity o
exhibits the ssms two-dimensional-flow pattern at a section X
as a flat plan form rotating with angular velocity approxi-

mately (l - -—';—-5) . The pressure distribution for the slightly
D
twisted plan form is thus thé pressure distribytion for the flat

plen form with o {1 - -p—% in place' of w. The pressure on an
element of proveller at point (x,y) of width dy and slant length
dx/cos 7 contributes to the torque an amount y AP dy

co8 7.
cos 7Y

Twh
It

- S < YN
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Because the factor cos 7 cancels, this contribution has the same

form as for an untwisted plen form. Inserting {1 - —‘L)for o

D
in equation (5) gives the total propsller torque as approximately

b J
Qz DV {lL - —
128 ( p/‘D>

] .&..mepssé : ..J...)_ (12)

256 »/D

This is the ideal propeller torgue because vrofile dr'ag has not
been taken into accownt. It -differs but little from the net pro-
peller torque and, therefore, the subscript 1 1is omitted.

Thrvst component of leading-edge suction.- Ths suction Y per
unit length of odge is obtained from equation {6) by replacing

with o1l - -—%)— to acoount for the twist, as was done for the
- D

-

torque. The foruwmrd component of the suction on the length of edge
between y and y + dy 1is the element of thrust. The expres-
sion Y dy represents this element exactly for the uvntwisted plan
form and approximstely for the slightly twlsted plan form. Thus

deéYdy

2
it J
=X f1 - = ly|3 ay
8 »/D
and the integral over the span gives the suction thrust
2

PR - R
Ts‘256f1D2D (1 s (12)

Thrust component of the normal force.- The forward ccmponent

of the normal force on an elemsnt of propeller at point (x,y) of
width dy and slent length dx/cos 7 1is

hreey T e YN
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AP

dy sin ¥
co8 7 -

which equals

2
o0

Integrating from the leading edge to the tralling edge gives by
virtue of equation (2)

d.Tn 2113-
iy T 5. > _

vhere ¢ 1s given by eguation (1). Eauation (13) gives the span-
wise distribution of the thrust camponent of the normal force and

‘ J
is shown in figure 9. The integral over the span, with w{ 1 - -TD-
: . b
in place of ®, yields the total thrust component of the normal
farce .

b y J . J -
Tn=-i—2-gpa.>2D P/D<l v (1)

Net thrusi.- The ideal thrust is ‘]?B + Tn’ which simplifies
to

o
L =——f—-,pm29”1-/—°7—-> , (15)

1 2 )o \PI’.

Tdeal efficiency.~ The ldeal efficlency of the triangular
propeller with helical twist 1s

e e e
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TiV
ni”'&;"

==114+ i
2 p/D

1 (} +.Advance-diameter ratici)

[ aad

(16)
Pitch~dlameter ratlo

where the second term in parenthesis is less than or equal to unity.
If this second term exceeds unity, both thrust and torque are nega-
tive and the system acts as a windmill. Work of emount -TV 1is
done on the system in forcing it forward through the air, and the
system is capable of doing useful work -Q» against a resisting
torque. The efficiency is thus expressed by the reciprocal of
equation (16) in the windmill condition and cannot exceed unity in
elther condition.

The ideal efficlency of the system acting as a propsller
approaches unity as the advance ratio increases to approach the
pitch ratio. AL equality the twist of the propellsr exactly fits
the helical path. Ths condition of high efficiency 1s, therefore,
a conditlon of small angle of avtack or light loading, Just as it
is for the conventional propeller.

As pointed out prsviously, the assumption of two-dimensional
flow about the trlangular airfoil implies that the tralling vor-
ticity has Just the right strength to behave as a rigid extension
of the widest part of the airfoil. For a twlated triangle the
wake acts therefore like a continuation of the screw surface
indefinitely rearward. The twisted triangular propeller is this
a propeller of minimum induced losc of energy according to Betz 's
criterion (reference 4) that the wake act 1like a rigld screw sur-
face in axial rotetion or rearward translation.

APFLICATION OF THEORY

Failure of theory near speed of sound.- In the immediate
vicinity of M =1, the assumption of small disturbances is
violated. The theory therefore fails in this reglon. Unpublished
free-flight data show little variation of lift-curve slope and a

o s . L . e e, e o e e i N - iy = s - T <y p— e e = -
el Sand ) T ke < T B g B Y P

PP SN v e vt L R S Y 2 ..
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smooth rise of drag with Mach number through the speed of sound for
plan forms with considsrable leading-cdge sweepback. It 1s rea-
sonable, therefore, to expect no marked drop in the efficlency of
the triangular propellsr at M = 1, although the predicted thrust
and torque may be in error.

Profile drag.- The ideal thrust and torque, for which equa-

tions have been obtalned, are the values in the absence of profile
drag. The primary effect of the profile drag is a reduction 1n
thrust although there is an appreciable increase in torque. It 1s
convenient to assign the entire power wastage in profile drag to
thrust reduction. This approximuztion results in a simpler calcula- -
tion, 1s conservative with respect to the thrust calculation, and

is quite accurate, although slightly conservative, in predicting

the net propulsive efficlency. :

Aspect ratio.- The analysis is based on the assumption of very
small aspect ratio; that is, the trisngular plan form contemplated
is an 1sosceles triangle of narrow vertex angle. This assumption
is adopted from reference 1, which treats.the lifting triangle (wing),
and is applied hersin to the axially rotating triengle (propeller).
A reasonable erpectation is that the propollsr theory will begin
to fall at about the same ubper limiting aspsct ratio as will the
wing theory. This upper limiting aspect ratio appesrs to be about
unity at Mach nudber zero, by camparison with the exact wilng theory
of EKrienes (see fig. 5 of reference 1) and the available low-speed
experimental data on lift-curve slope. At Mach number 1.75, the
upper limiting aspect ratio appears to be at lsast 0.75 aécording
to the comparison with experiment in figure 10 of reference 1. A
theoretical derlvation in appendix A gives '

(Limiting aspect ratio)2 _ Constent 16

b - 1] | - 1]

for any Mach number. Setting the constant equalte unity provides
an expression in agrsement with the observations Just made. Thus
the limiting aspect ratio for the assumptlon of the low-aspect-
ratio theory of reference 1 may be expressed for subsonic speeds as

T TE LY ARSI RIS n =
B TR AT T T L e S by e i T . I .
P R T e L PSR i W NEN LAY Y
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1

1 - M

Aspect ratio <

and for supersonic spesds as

Aspect ratio <

Vi? -1

The subsonic boundary will be recognized as the famillar Prandtl-
Glauert factor and the  supersonic boundary, as the arc-tangent of
the Mach angle. A graph of these boundaries is shown in figure 10
in which it will be observed that the theory can be applied to
relatively blunt triangles at transonlc speeds, except very near
the speed of sound where the theory is invalid.

Twist.- The vanishingly emall twist assumed permitted the
introduction of the approximations

e

sein 7y = tan 7 2 7

lir
[N

cos 7

where 7 1s the complement of the blade engle (fig. 8). On this
account, therefore, the errors caused by finite twist are no greater
than would be occasioned by these trigonomstric approximations. A
more fundamental reason for agssuming small twist was to insure
applicability of the two~dimensional-flow theory of reference 1.
If the pitch 1s not large compared with the diametér, successive
"threads” of the screw surface will approsch one another closely

- enough to spoil the epproximately two-dimenslonasl character of the
flow. For both reasons, the pitch-diameter ratio should be
perhaps 6 or more for good accuracy in the computation of thrust
and-torque. Somevwhat lower values (as the value 4.37 in the

~-oxample hereinafter) should still provide good estimates for the
efficiency -since the errore in computed thrust and torgque would be
expected to be comparable and in the same direction.

Tip speed.~ It is tacitly assumed in the theary thet the rota-~

tional tip speed 18 small compared with the forward speed. In
- practice, same deviation from this condition is necessary. This

.. - ——— s e
S Py g T T
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deviation will have two effects: first, it will impeir the accuracy
with which the equations predict the ideal thrust and torque; and
second, it will make a given amount of leading-edge sweepback lewss
effective at the blade tip than at the apex of the triasngle. In
other words, the velocity camponent normal to the leading edge will
increase progressively fram the apex to the blade tip because of

the velocity added by the rovation. Low wave drag can be maintained
with 1little increase in area by a slight progressive increase of
sweepback toward the blade tip. The result is a plan form Inter-
mediste in shape between a triangle and the base of a flatiron.

(See fig. 11.) The snalysis leading to such a plan form is given
in appendix D.

DESIGN CONSIDERATIONS

The high velocities induced at the leading edge according to
the theory will encourage both separation ard Fforration of shock
waves. The leading edge shculd therefore be roundsd and camber
should be used to eliminete these peak velocities. The cembered
design should maintain the same section 1lift coefficients that the
theory gives for the uncambered propeller (fig. 5) in order to
retain the high ideal efficiency, but the load cn each section
should be redistributed from leading edge to trailing edge with the
Peak eliminated. The distribution of laminar-flow sections might
be used, for example. With the load distribution thus spescified,
the method of reference 5 could be used to compute the camber and
twist.

The main aim of the triangular-plan-form propeller configura-
tion is the avoidance of the excessive wave drag that penalizes
ordinary propsllers at transonic speeds. On the other hand, this
reduction must not be obtalned at the expense of too great an
increase in skin-friction drag or in propeller weight. Reducing
the vertex angle of the triangle reduces the wave drag but increases
the area for a given diameter without significantly increasing the
Povwer absorption. Selection of the vertex angle is thus a com-
promise between wavs drag and siin-friction drag. The skin-friction
drag may be estimated from von Kérmdn's skin-friction curve. The.
wave drag for a double-wedge section triangular-plan-form airfoil
has been derived by Puckett in reference 2. The double-wedge sec-
tlon with ite sharp lsading edge and abrupt change in slope is
undesirable for the reasons outlined in the preceding paragraph.

The recommended round-leading-odge sections: of the same thickness
ﬁ;tio would, however, be expected to give rise to comparable wave
ag.

; e et T S PR - anc gy, IR e T T - L T S e e gt s~ m s e A =
T A T o e L N N e e S e
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The high-speed triangular propeller of fixed pitch will be
stelled at low forward speeds because of the high pitch. The
stalled rotating airfoil should experience a large pressure drag
normal to the surface. A thrust would result from a forward com-
ponent of this normal force because of the helical twist of the
surface. A rough analysis indicates that the static thrust and
torgue may be of the order of half or more of the high-speed thrust
and torque for the seme rotational speed. P

Automatic pitch control appears to be impractliceblo for the
complete triangular propeller; however, the triangular plan form
may be cut in two near the base by a cut parallel to the base. The
reletivsly narrow strip behind the cut will exhibit the twist and
general appearance of an ordinary propeller 1f the sawed leading
odge is rounded. The two radial halves of this strip could be
mounted in an automatic-pitch-centrol hub. At moderate speeds the
triangnlar pert of the propeller shead of the cut could be declutched
and allowed to windmill freely; the ontire thrust would then be
supplied by the sectlon with antomatic pitch control. DPracticability
is dependent on whether aerodynsmic.considerations would requirs
the trailing edge to be too thin for such application.

OTHER APFLICATIONS

Devices that are basically airscrews or that may employ an air-
screvw include the propeller, windmill, fén, airspeed indicator, and
air log. With conventional blede forms, -difficulties are to be
expected at speeds near and above the speed of sound. Robert T. Jones
of the Ames Aerondutical Laboratory has suggested that, with refer-
ence to an air log, a triengular plan form'like that of figure 1
defers these difficulties to speeds well into the supersonic. Evi-
dently, this observation is applicable to all the listed alrscrew
devices. The principle can also bo applied to a twisted triangle
employed as a supersonic compressor (fan) or turbine (windmill) for
Jet propulsion. ) Co )

- EXAMPLE

Computations are presented in tables I and II for a propeller
intended for operation at transonic forward speeds. A two-view
dlggram with the twist of the propeller omitted is shown in figure 11.
The profile is the double-wedge (unsymmetric-diamond) section treated
theoretically by Puckett (reference 2). This profile is chosen for

. 1

- - Jo— e o = e =
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purposes of computation only and is not the recommended profile.

(See section entitled "Design Considerations."”) In accordance with
reference 2, the line of maximum thickness 18 taken well forward for low
supersonic‘vave drag. The thickness ratio is chosen very small (0.03)
for the same reason. This thickness ratio corresponds to values of
absolute thiclkmess comparabls with those of contemporary propeller
design.

The thickness selection was made on the basis that the combined
aerodynamic and tensile stresses should not be excessive.' The tip
chords were widened into svept-back extensions for the same reason
and, also, to avoid flow separation at the tips as a result of
excessive local 1ift coefficients. The stress considerations were
hardly elaborate enough to qualify as a stress analysis; the purpose
was meraly to insure that the proportions were not unreasonable from
a structural point of view.

The diameter of the propeller (fig. 11) was taken as 12 feset
to make it comparable with diameters of present flghter airplanes.
The leading-edge swsepback of 45° was chosen as a compromise between
conslderations of wave drag and skin-friction drag. The pitch-
diemeter ratio p/D and advance-diemster ratio J were arrived
at by a cut-and-try process, with a view toward high power at high
efficiency without excessive tip speed and with the twist within
the bounds contemplated in the theory.

The partial modification of the plan form from a vriangle
toward a flatiron shape follows the considerations developed In
eppendix D. The mod:ification compensates for the effect of the
excess of the tlp velocity over the forward velocity. The degree
of flatiron curvature has been adjusted to maintain the component
velocity normal %o the leading edge constant at 0.707 of the flight
speed at the design advance ratio. The computations specifying the
plan form are given in table I.

Also given in table I are velues of the blade chord welghted
in such a way that multiblication’of the integrated value by gﬁV3CD,

where V is the flight velocity and Cp is the drag coefficient,

will give the amount of power consumed in overcoming profile drag.
This power divided by V_ is defined as the profile drag and is
subtracted from the ideel thrust to obtain the net thrust. Actually,
only part of this power loss eppears as reduced thrust; the remainder
appears as increased torque. The calculation procedure is thus only
approximate.

The main steps 1n the calculgtion of the performance of this
12-foot propellsr at Mach number 1.1 are itemized in table II for

v

r

Y

-
3
(R
2
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sea level and 25,000 feet altituds. The results show a constant
net efficiency of 80 percent and a power absorption of about
6,200 brake horsepower at {'>,000 fest and 18 500 brake horsepower
at sea level.

CONCLUDING REMARKS .

1. Propellers of triangular plan form appear to be capable of
absorbing high power with good efficiency at transonic flight speeds.

2. Triangular propsllers within the scope of the theory should
exhibit a rigidly behaving wake, Betz's conditlon for minimum induced
loss of energy.

3 The. sta‘c.ic thrust of the triangular propéller may be of the
order of half or more of the high-speed thrust.

. The principle of the triangular propsller can be applied to
extend into the supersonic the useful range of such alrscrew devices
as the air log, absolute airspeed indicator, windmill, and fan. The
principle can also be applied to a supersonic campressor (fan) or
turbine (windmill) for jJet propulsion.

Langley Memorial Aeronautical Laboraﬁory ,
National Advisory Committee for ‘Aéronautics
Langley Field, Va., February 21, 1947
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APFENDIX A
LIMITING ASPECT RATIO FOR ASSUMPTION OF LOW-
ASFECT -RATIO THEORY

For emall-disturbance velocities the equation for the velfclty
potential in compressible flow has the linearized farm

( M?) 32¢ agg 32¢ (A1)

8y2 3z°

where the stream velocitv is in the x-direction. The assumption
of two-dimensional Fflows (low-aspect-ratio theory of reference 1)
implies that the first term.ia negligible in comparison with either
of the last two so that .

2 2
M.{.-a—gé . (Ag)
352 2%

The condition for approximately two-dimensional flows is thus

ll-MQ'—:—Q;g'<< —:Eg (43)

Applying this test to the potential of a rotating line (eguation (1)) -

¢ = iéwydre - y2

]

2
1 Aspect ratio
om (= ) -2

i
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glves
el 2
2
2(:-2- '2)3 2(1’2'3?2) d
or
2
‘ 1655 -2
(Aspect ratio)® <« T (ak)
- |2 - 1]

.Equation (Al), as equetion (1), 1s limited in application to the
surface of the triangular airfoil. From the center of the triangle
to the edges, the risht-h.ud 8

side varies frém « to 16. Therefore,
the criterion '
(Aspect ratio)® < Gonstant << 20 (45)
’ be -2} |2 -4

Insures approximately two~dimensional flow over the eﬁtire width
of the triangle. . -
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APPENDIX B
SUCTION AT EDGES OF A ROTATING ELLIPTIC CYLINDER

Lamb (reference 3) gives the potential of the flow produced by
the axial rotation of an elliptic cylinder as

¢ = %@(a + 1)2 gin 21 ' (B1)

where ® is the angular velocity (clockwise herein), a and b

ars the major and minor axes, respectively, and ¢ and ‘1 are
elliptic coordinates that are related to the rectangular coordinates
by .

eq
1]

c cosh & cos q

(B2)
¢ sinh ¢ sin q

[
1}

The x-axis is the axis of the ellintic cylinder, and the rela-
tion ¢ = go defines the surface so that

a = ¢ cosh go

b = ¢ sinh go

(The direction assigned hereln to @ differs from that implied in
Lamb because of opposite sign conventions for the relation of the
gradient of ¢ to the velocity.)

Equation (Bl) refers to y,z axes at rest in the undisturbed
fluid and instantanesously coincident with the y,z axes of the
elliptic cylinder at the momsnt under consideration. Alterna-
tively, ¢ may be regarded as a function of the polar coordi-
nates 1r,0 relative to the fixed axes, where
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Y cos 8

ed
il

(B3)
r 8in 6

N
1!

The rotation of the axes of the elliptic cylinder is taken into
account by writing

. ¢ = ¢(I‘,6 + wh)

The time derivative of ¢ is therefore

The pétential 8t1ll refers only to disturbances relstive to the _
fluid at rest, and its gradient is the absolute particle velocity <.

Bernoulli's law states that the excess of the local pressure
over the stream prossure is

.p (% S% + v%):
= - 2 %/?2‘. + .a_g 2.4. §_¢_ ° |
\ﬁﬂ s dy A oz a0

This may be written more compactly

AP = -

Lo

w1

- - -;—p(a»{;‘e AR 9,%) | (Bk)

T e e T A e T T AT e M P T T £ e T A P T i T e Tyt 2 R e L v
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. a ¢\
wh = [ — = { d forth.
ere @, (:; r, ¢y Sy z, and so for

Implicit differentiation of ¢ leads to the rolations

_ Pe(30%y ~ ZoVn) * Fo(e7y = To)

%o . (B5)
Gez, - ¢ 2 )
¢y— FT]J T]E
> \\(36)
YA
g, .

where

JE%%~zgn

is termed the Jacoblan of the transformation from y,z to §&,n.

By differentiation of equations (Bl) to (B3) and subsequent
simplification, equations (B5) and (B6) lead to

1 o(a + b)2c%e ™28 sin22q - ginh 2¢ cos En) .
Fg = - = (87)
4 J
and
2 4 _-Le
2 2 10%(a +0b)7e
¢, + ¢, = 3 . (B8)
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The substitution of equations (B7) and (B8) in equation (Bh)
gives the excess pressure as

pu.)z(a + b) 2% 25( 21] - sinh 2¢ cos 21-]) - (a + b)ee")+§
8 J

AP = (B9)

The excess pressure force on an element of surface of the
elliptic cylinder of wnit length in the sxial direction (x-d.irection)
has a camponent parallel to the y-axis of amount -

L4

dF = -AP dz
£t

At the surface of 'the cylinder '(g

]
uTe
o
~
-

y:ccosh§0005q=acosn
> ~ (B10}
z=csin}1§o gelnn =D sinq
-t
Therefore
4F = AP _¢ b cos q dn (311)

Substituting equation (B9) into equation (Bll) with ¢ = Egs
eliminating £, and c¢ by means of eguations (B10), and evaluating J
gives ‘

o 2ab
aw?(a + )2 2(a-b)2<31n22n- s 219- (a-Db)2|b cos n dn
a ~-b

8(a2 sin®n + b2 coseq)

(B12)
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For b « a(&o << l) this is approximately

_ pa)gaj"‘b(a sin22q - l) cos n dny

dF =
8(&2 sin®n + b2)

The integral from the middie of the bottom surface around the right
odge to the middle of the top surface is

and

m Y= -gmeé (B13)
20

This gives the suction per wmit length acting at the edges of a
rotating f£lat plate of semiwidth a.
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" APPRIDIX G

INTEGRATION OF PRESSURE FIELD OVER PLANE NORMAL TO AXIS
OF WAKE OF UNTWISTED FROPELLER

For purposes of calculation the flat-ribbon wake may be con-
sidered the llmiting form of an slliptic cylinder as tho minor axis
shrinks vo zero. Thus, the excezs of the local pressure over the
‘ stream pressure derived in appendix B is: applicable likewise here.

In any plane x = Constant, an element of area in the coordi-
nates E,n is given by J 4t dn vnere J 18 the Jacoblian defined

after oquation (BS). The excess ressure force on this element of
area is -

aF = APJ.4¢ dn..

Substituting for AP from equation (B9) gives

k3

B

2 2
- ED_(_%iB_)._[zcae"?g sin“on - sinh 2¢ cos 21]) - (a+b)ae-h§] 4t dn

2 2 - - Lt
Ei_(_as_ﬂ.)_ ce[ee 2t Bin22'q+ (e 4e . l) cos 21]] -(a+ 'b)ee ke dt dn

(c1)

The excess pressure force on the entire plane x = Constant 1is
obtained by integrating from 0 to 2rn in n and from §5 to o

in ¢, where = £y defines the botmdary of the elliptic cylinder.
The integrat.ion gives

v

~

F = Féane(a + 5)2'} fo2 . 1, h&o(a + b)a] (c2)

o

B T A i o e K L e il 4 B T M e et L

N - T . . ‘. SR
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Phe limit of this expression as the elliptic cylinder shrinks into
a Tlat ribbon (:‘l —0, £ -0, c-—)a) 18
a

lim F = -‘iépwzal‘

LIV
&
Since the semiwldth a of the flat-ribbon vake ls one-half the

diamster D of the triangle; this is

F = S ot (c3)
256 .

which is in agreement with equation (7).

e e e Crt e T, (e
CITRIRTTY R =

M
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APPENDIX D

COMPONERT OF RESUIT ST VELOCITY NCRMAL TO LEADING EDGE
OF TWISTED TRIANGLE IN SCREW MOTION

The twisted griangle may be defined vithin 1ts envelope cone
1x - {D1)
by the screw surface )

0% . (p2)
An eloment of the edge may be expressed by

d§="fldr+_6'lrd9+'i'dx"

where 'z'"l is a unit vector in the direction of increasing r, 51 is

a unlt vector in the direction of increasing 6, and 1 is a unit
vector along X. Thu3

+lr

& 1a
"
Big
B8
I |

=Ticq + -e_lrca +31 . ﬂ(D3) ,

by equations (D1) and (D2).

"Let T be a vector lying in the surface and perpendicular to
the edge with positive sense outward. It may be obtained by the
triple vector product ’
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51
i
B 1B
/—Jx\
HX
& 18

s g— i
=l—1i7r Co
dx) "1 lax
2 2\- = -
= (l + Cp T )rl = c0pr8, - cyi (Dh)

Compounding the axial and rotational velocities gives the
resultant velocity

ER = Vi + mr-e-l (D5)

The velocity component normal to the leading edge of the triangle _
is the negative of the component of the resultant velocity alcng n

-FR .E
V. =
R LY

clV + clczcorQ

\/clz(l + 0221‘2) + (1 + 0221'2)2

whence
] 2
7 \2 clz (l + c22r2) + (1 + 022r2)
B (D6)
n o 2
2 comr
cq 1+
v

gy i e e g e e = e =
S B PN
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At this point, cy may be identified with the tangent of the semi-
vertex angle dr/dx amd c,, with the expression 2n/p vwhere D
is the pitch.

The assumption of the windmilling condition (zero local angle |
of attack) siuplifies the expression with little loss in accuracy

for other conditions. This condition is specified by putting - Cp = ‘#,

vhich is equivalent to J = .}1%, and gives

’ -N2
£ wor® w°re
5 cl-Kl + 5 + {1 + 5
(5 - v/ N\ v
v ’ 2
- . 2( w2:r'2>
c 14

A .

. Ve

S - (D7)

. TR s DT £ i o .
A - _
1+ .
v

Therefore, equati’on'(DT ) may be written

VE_VQ dxe
GEGRS 2

- g e - -
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Fquation {D9) relates the velocity component normal to the leeding
odge V‘n to the stream velocity V, the resultant of the stream

and rotational velocities Vg, and the reeiprocal dx/dr of the

mlope of the envelope gone of the twisted trisngle.

The equation is still valid if equation (Pl) is replaced by
T f(!)

and c; 1s interpreted as the local value of drfdxz, which is now

a function of x. This generalizes the triengle into the flatiron
and other shapes. Suppose it is desired to maintain a constant
nermal velocity component Vn all along the leading edge. A
variable sweepback or flatiron plan form is required. Equation (D9)
together with equation (D8} may be interpreted as the differential
equation in r and x that specifies the neaessary plan form.
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TABIE I - CALCULATION OF PLAN FORM FOR FROPFLLER OF EXAMPLE

CLOLT *ON NI VOVM

Row Ttem Value Explanation
(1) r, ft 0 1.5 3.0 {45 |5.5 |6.0 Radius
: ' 2 i re
2 2 11.000{1.051|1.202 1. .661 | 1.810 | {Resultant veloolty)™. , , T T
) | (=) 000 | 1.051 | 1.202 | 1.456| 1.6 ( Stream velocity ) 32 g2
{3): ax 1.000 | 1.024 | 1.080 { 1.146} 1.185{ 1.20 ——2~Y—2 with ~Y—=\E
i dr . . . . . . 3 vn VR . vn
@] .x, 6 0 1.52 {3.10 |%.77 [5.90 |6.53 Graphical integration
. . . . - ) . -v- - . :
{ (5) | frodected 1.6.53 | 5.01 | 3.43 |1.76 [P0.90 [% v X Blade chord; 653 - (1)
1.(6) (vR[v)“ 1.000| 1.105 | 1.446 | 2.120 | 2.828 3.277 (2)2
s VR 3 o
1) | by £t | 6.53 | 5.54 | 4.97 |3.73 |2.545]0 T) X Blade chord; (5) x (6)
R
Syp = | Dby 4y = 55.2 £t
-R

8Plan form of this example (fig. 10) deviates from curve of r against x defined by rows (1)

and (4) beyond r = 5.5 in order to provide tip fairings.

NATIONAL ADVISCRY
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TABLE II - CALCULATION OF PERFORMANCE FOR PROFELLER OF EXAMPIE

[M=1a]

(1) (2) (3) (&) (5) (6) (1)
Skin-friction | Pressure drag Tdeal effi-~
g p/D drag coeffi~ | coefficient, Cp CpSyr ciency, 0,
: cient, OCp, CDP (percent)
Specified| Specified | Estimated friiti’:‘;:;‘f Cpg + On, 55.2Cp -;-(1+5-‘/T;5)1oo
ence 2
3.49 k.37 0.0046 0.0037 0.0083 0.458 90.0
(8) (9 (10) (11) (12) (13) (14)
True Profile o Ideal thrust, | Net thrust, ' Brake- Net efficiency
a%ﬁ;ﬁ?ed ?ii% (radians/seq) (?%) (£€) hOT?:ﬁ;WGr, (pergent)
@xdof| e | T |m e e fhatisl )| s
Sea level
837 820 184.2 7440 6620 ‘ 18,460 " 80.0
Altitude of 25,000 £t (density ratio = 0.45)
761 ‘ 305 167.5 2765 2460 6,240 €0.0

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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\

Fig. 1

- Mach cone;
\ M=2

Plan view

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Side view

Figure 1.— Transonic propeller of triangular plan form.
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Figure 2,— Coordinate system and notation.
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\

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Figure 4,— Pressure distribution,
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Figure 5,— Distribution of normsl force along spen.
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Figure 6.,— Suction along leading edges.
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Figure 7.— Distribution of suction thrust along span,
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Figure 8,— Attitude Y and angle of attack a of a
blade element at radius y.
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Figure 9.— Distribution of thrust component of normal
force glong span.
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Angle of sweep, deg

Figure 10,— Reglons in which theory of two—dimensional flows is good approximation,
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Figure 11,— Propeller design for Mach number 1.1l arrix}ed at in example, For
simplicity, the twlst is not shown, (Double—wedge section is chosen for
purposes of computation only and is not recommended in practice,)
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